Recently certain identities for solutions of the Bethe equations in the six-vertex model were obtained in [FM]. In the note we give an elementary proof of similar identities for the case of the inhomogeneous arbitrary spin XXX or XXZ model. Though the corresponding calculations can be done in the elliptic case too, almost without modification, in that case the resulting identites have rather transcendental form. Even for the case of the six-vertex model the proof of the identities for solutions of the Bethe equations given in the note is simpler than the original proof in [FM].
1.
Consider the inhomogeneous XXX model on the N -vertex lattice with the quasiperiodic boundary conditions. Let ℓ 1 , . . . , ℓ N be the spins of representations at vertices, z 1 , . . . , z N -the inhomogeneity parameters, and e µ -the quasiperiodicity parameter, the periodic boundary conditions corresponding to e µ = 1 . We assume that 2ℓ i ∈ Z >0 for all i = 1, . . . , N , in other words that all the representations at sites are nontrivial and finite-dimensional.
In the k-particle sector: S z = ℓ 1 + . . . + ℓ N − k , the Bethe equations for rapidities t 1 , . . . , t k are as follows:
(1)
(t a − t b + 1) , a = 1, . . . , k . We do not distinguish solutions of this system which are obtained from each other by permutations of the variables t 1 , . . . , t k . We say that a solution t 1 , . . . , t k contains a point u if u ∈ {t 1 , . . . , t k } .
A solution t 1 , . . . , t k of system (1) is called admissible if t a = t b + 1 for all a, b = 1, . . . , k . The next lemma describes characteristic properties of admissible solutions. Lemma 1. a) Let z i +ℓ i = z j −ℓ j for all i, j = 1, . . . , N . Then any admissible solution of system
(1) does not contain the points z 1 ± ℓ 1 , . . . , z N ± ℓ N . b) If a solution of system (1) does not contain any of the points z 1 + ℓ 1 , . . . , z N + ℓ N , then it is admissible. c ) If a solution of system (1) does not contain any of the points z 1 − ℓ 1 , . . . , z N − ℓ N , then it is admissible.
Proof. The statements follow from simple analysis of system (1). Let us start from item a). Suppose, for example, that t 1 = z 1 + ℓ 1 . Then the equation for a = 1 implies that t 1 = t b + 1 for some b , because by the assumption of the lemma t 1 = z i − ℓ i for all i = 1, . . . , N . The proofs of items b) and c) are similar. Consider item b), and to simplify words restrict ourselves to the case k = 3 . Let t 1 , t 2 , t 3 be an inadmissible solution and, for instance, t 2 = t 1 + 1 . Then the equation for a = 2 implies that either t 2 = z i + ℓ i for some i , or t 3 = t 2 + 1 . In the last case the equation for a = 3 implies that t 3 = z i + ℓ i for some i .
Remark. In the literature the Bethe equations are usually written in the following form:
moreover it is implicitly assumed that only admissible solutions are considered, and
. . , N . It follows from Lemma 1 that under these assumptions systems (1) and (2) are equivalent.
A solution t 1 , . . . , t k of the Bethe equations is called offdiagonal if t a = t b for all a, b = 1, . . . , k . It has been shown in [TV] that for generic z 1 , . . . , z N and generic e µ the number of admissible offdiagonal solutions of system (1) coincides with the dimension of the subspace of vectors with given S z = ℓ 1 + . . . + ℓ N − k in the space of states of the XXX model. If e µ = 1 , then system (1) is known to have admissible offdiagonal solutions only for S z 0 , that is, for k ℓ 1 + . . . + ℓ N , and moreover, for generic z 1 , . . . , z N their number coincides with the dimension of the subspace of singular (highest) vectors with given S z .
The most interesting case in studying solutions of system (1) is that of the homogeneous model:
Conjecturally, the number of admissible offdiagonal solutions in the homogeneous case is the same as in the case of generic z 1 , . . . , z N .
Consider a polynomial
where the integral is taken over a positively oriented closed contour containing the points s 1 , . . . , s k , s 1 + 1, . . . , s k + 1 inside. Clearly, for given s 1 , . . . , s k the function F (α; s 1 , . . . , s k ) is an entire function of α .
Remark. The polynomial P (u) is the Drinfeld polynomial of the representation of the Yangian Y (gl 2 ) corresponding to the arbitrary spin XXX model in question.
Proposition 2. Let t 1 , . . . , t k be an admissible solution of the Bethe equations (1), and n ∈ Z . Then
Proof. Denote by f (u) the integrand in formula (3). Evalutating integral (3) by resiques we get
Res f (t a ) + Res f (t a + 1) = 0 , since Res f (t a ) + Res f (t a + 1) = 0 for any a = 1, . . . , k due to the Bethe equations.
For the periodic boundary conditions: e µ = 1 , one of equalities (4) takes the form F (0; t 1 , . . . , t k ) = 0 and becomes an algebraic relation for the variables t 1 , . . . , t k , z 1 , . . . , z N :
2.
Consider the inhomogeneous XXZ model on the N -vertex lattice with the anisotropy γ and the quasiperiodic boundary conditions. Let q = e iγ . Let ℓ 1 , . . . , ℓ N be the spins of representations at vertices, z 1 , . . . , z N -the inhomogeneity parameters, and q 2µ -the quasiperiodicity parameter, the periodic boundary conditions corresponding to q 2µ = 1 . We assume that q 2 = 1 and z i = 0 , 2ℓ i ∈ Z >0 for all i = 1, . . . , N .
In the k-particle sector: S z = ℓ 1 + . . . + ℓ N − k , the Bethe equations for rapidities t 1 , . . . , t k are as follows: (5) is called admissible if t a = 0 and t a = q 2 t b for all a, b = 1, . . . , k .
Lemma 3. a) Let q 2ℓ i z i = q −2ℓ j z j for all i, j = 1, . . . , N . Then any admissible solution of system (5) does not contain the points q ±2ℓ 1 z 1 , . . . , q ±2ℓ N z N . b) If a solution of system (5) does not contain any of the points q 2ℓ 1 z 1 , . . . , q 2ℓ N z N , then it is admissible. c ) If a solution of system (5) does not contain any of the points q −2ℓ 1 z 1 , . . . , q −2ℓ N z N , then it is admissible.
The proof is similar to the proof of Lemma 1.
A solution t 1 , . . . , t k of the Bethe equations is called offdiagonal if t a = t b for all a, b = 1, . . . , k . It has been shown in [TV] that for generic z 1 , . . . , z N and generic q 2µ the number of admissible offdiagonal solutions of system (5) coincides with the dimension of the subspace of vectors with given S z = ℓ 1 + . . . + ℓ N − k in the space of states of the XXZ model. Conjecturally, the number of admissible offdiagonal solutions in the homogeneous case: ℓ 1 = . . . = ℓ N , z 1 = . . . = z N , is the same as in the case of generic z 1 , . . . , z N . In the periodic case: q 2µ = 1 , the number of admissible offdiagonal solutions is conjecturally the same as in the generic case provided q is not a root of unity.
Consider a polynomial
where S z = ℓ 1 + . . . + ℓ N − k , and the integral is taken over a positively oriented closed contour containing the points s 1 , . . . , s k , q 2 s 1 , . . . , q 2 s k inside and leaving the point 0 outside; the argument of u has a univalued branch at such contour. Clearly, for given s 1 , . . . , s k and a given branch of the argument of u the function G(α; s 1 , . . . , s k ) is an entire function of α .
Proposition 4. Let t 1 , . . . , t k be an admissible solution of the Bethe equations (5), and n ∈ Z . Then (7)
The proof is similar to the proof of Proposition 2.
If q 2µ = q 2(m−S z ) for some integer n , then one of equalities (7) takes the form G(m; t 1 , . . . , t k ) = 0 and becomes an algebraic relation for the variables t 1 , . . . , t k , z 1 , . . . , z N : XXZ model (six-vertex model) with the even number of lattice vertices and the periodic boundary conditions: ℓ 1 = . . . = ℓ N = 1/2 , z 1 = . . . = z N = 1 , q 2µ = 1 , relations (8) coincide with the identities (sum rules) for solutions of the Bethe equations, obtained in [FM] .
